Derived algebraic geometry, determinants of 

perfect complexes, and applications to 
obstruction theories for maps and complexes 



Timo Schiirg 

Max-Planck-Institut fur Mathcmatik 
Bonn - Germany 



Bertrand Toen 

ISM UMR 5149 
Universite de Montpellier2 - France 
Montpellier - France 



Gabriele Vezzosi 

Dipartimento di Sistemi cd Inforniatica 
Sezionc di Matematica 
Universita di Firenze 
Firenze - Italy 



June 2011 



Abstract 



We show how a quasi-smooth derived enhancement of a Dehgne-Mumford stack 
X naturaUy endows X with a functorial perfect obstruction theory in the sense of 
Behrend-Fantechi. This rcsuh is then appHed to moduh of maps and perfect complexes 
on a smooth complex projective variety. 

For moduli of maps, for X — S a,n algebraic if 3-surface, g E N, and (3 =/= in 
H2{S,Ii) a curve class, we construct a derived stack MM^ „(S'; /3) whose truncation 
is the usual stack Mg.„(S'; /3) of pointed stable maps from curves of genus g to S 
hitting the class P, and such that the inclusion M.g{S;f3) ^ RM^°'^(S'; /3) induces on 
M.g{S; /3) a perfect obstruction theory whose tangent and obstruction spaces coincide 
with the corresponding reduced spaces of Okounkov-Maulik-Pandharipande- Thomas 
|0-P2| IM-P| IM-P-T) . The approach we present here uses derived algebraic geometry 
and yields not only a full rigorous proof of the existence of a reduced obstruction 
theory - not relying on any result on semiregularity maps - but also a new global 
geometric interpretation. 

We give two further applications to moduli of complexes. For a TfS-surface S we show 
that the stack of simple perfect complexes on S is smooth. This result was proved with 
different methods by Inaba (Tn^) for the corresponding coarse moduli space. Finally, 
we construct a map from the derived stack of stable embeddings of curves (into a 
smooth complex projective variety X) to the derived stack of simple perfect complexes 
on X with vanishing negative Ext's, and show how this map induces a morphism of 
the corresponding obstruction theories when X is a Calabi-Yau threefold. 
An important ingredient of our construction is a perfect determinant map from the 
derived stack of perfect complexes to the derived stack of line bundles whose tangent 
morphism is, pointwise, lUusie's trace map for perfect complexes. We expect that this 
determinant map might be useful in other contexts as well. 
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Introduction 

It is well known in Algebraic Geometry - e.g. in Gromov-Witten and Donaldson-Thomas 
theories - the importance of endowing a Deligne-Mumford moduli stack with a (perfect) 
obstruction theory, as defined in [B-F] : such an obstruction theory gives a virtual fun- 
damental class in the Chow group of the stack. If the stack in question is the stack of 
pointed stable maps to a fixed smooth projective variety ( |B-M| ). then integrating appro- 
priate classes against this class produces all versions of Gromov-Witten invariants ([Be]). 
Now, it is a distinguished feature of Derived Algebraic Geometry (as exposed, e.g. in 
[HAG-II] ) that any quasi-smooth derived extension of such a stack F, i.e. a derived stack 
whose underived part or truncation is the given stack F, induces a canonical obstruction 
theory on F: we have collected these results in SJT] below. A morphisms of derived stacks 
induces naturally a morphism between the induced obstruction theories - so that functo- 
riality results like \B-F\ Prop. 5.10] or the so-called virtual pullback result in [Man] follow 
immediately. Moreover the functoriality of obstruction theories induced by morphisms of 
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derived extensions is definitely richer than the usual one in ^B-Fj . that is restricted to 
special situations (e.g. |B-Fl Prop. 5.10]), and requires the axiomatics of compatible ob- 
struction theories. In other words, a suitable reformulation of a moduli problem in derived 
algebraic geometry, immediately gives us a canonical obstruction theory, in a completely 
geometric way, with no need of clever choices. And, under suitable conditions, also the 
converse is expected to hold. 

The present paper is an application of this feature of derived algebraic geometry, not re- 
lying on the mentioned conjectural general equivalence between a class of derived stacks 
and a class of underived stacks endowed with a properly structured obstruction theory. 
However, as a matter of fact, all the obstruction theories we are aware of indeed arise from 
derived extensions - and the cases covered in this paper simply add to this list. 

In this paper we apply this ability of derived algebraic geometry in producing obstruc- 
tion theories - functorial with respect to maps of derived stacks - to the cases of moduli 
of maps and moduli of perfect complexes on a complex smooth projective variety X. 

Moduli of maps. For moduli of maps, we show how the standard obstruction theory 
yielding Gromov-Witten invariants comes from a natural derived extension of the stack 
of pointed stable maps to X. Then we concentrate on the first geometrically interest- 
ing occurrence of two different obstruction theories on a given stack, the stack Mg(5';/3) 
of stable maps of type {g, (3) to a smooth projective complex ii'3-surface S. The stack 
Mg(S';/3) has a standard obstruction theory, yielding trivial Gromov-Witten invariants 
in the n-pointed case, and a so-called reduced obstruction theory, first considered by 
Okounkov-Maulik-Pandharipande-Thomas (often abbreviated to 0-M-P-T in the text), 
giving interesting - and extremely rich in structure - curve counting invariants in the n- 
pointed case (see |Pll IM-Pl IM-P-T] . and §4.11 below, for a detailed review). In this paper 
we use derived algebraic geometry to give a construction of a global reduced obstruction 
theory on Mg(S';/3), and compare its deformation and obstruction spaces with those of 
Okounkov-Maulik-Pandharipande-Thomas. More precisely, we use a perfect determinant 
map form the derived stack of perfect complexes to the derived stack of line bundles, and 
exploit the peculiarities of the derived stack of line bundles on a -ftTS-surface, to produce 
a derived extension MM^ (-S';/3) of Mg(5';/3). The derived stack RM^ {S\I3) arises as 
the canonical homotopy fiber over the unique derived factor of the derived stack of line 
bundles on S, so it is, in a very essential way, a purely derived geometrical object. We 
prove quasi-smoothness of MM^ {S;/3), and this immediately gives us a global reduced 
obstruction theory on M.g{S;/3). Our proof is self contained (inside derived algebraic ge- 
ometry), and does not rely on any previous results on semiregularity maps. 

Moduli of complexes. We give two applications to moduli of perfect complexes on 
smooth projective varieties. In the first one we show that the moduli space of simple per- 
fect complexes on a -fC3-surface is smooth. Inaba gave a direct proof of this result in [In] , 
by generalizing methods of Mukai ( |Mu] ). Our proof is different and straightforward. We 
use the perfect determinant map, and the peculiar structure of the derived Picard stack of 
a i^3-surface, to produce a derived stack of simple perfect complexes. Then we show that 
this derived stack is actually underived (i.e trivial in the derived direction) and smooth. 
The moduli space studied by Inaba is exactly the coarse moduli space of this stack. 
In the second application, for X an arbitrary smooth complex projective scheme X, we 
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first construct a map C from tlie derived stack WM.g^n{XY™'^ consisting of pointed stable 
maps which are closed immersions, to the derived stack RPerf(X)£'^^ of simple per- 
fect complexes with no negative Ext's and fixed determinant C (for arbitrary C). Then 
we show that, if X is a Calabi-Yau threefold, the derived stack MPerf (X)^'^'^ is actually 
quasi-smooth, and use the map C to compare (according to ^5.2p the canonical obstruction 
theories induced by the source and target derived stacks on their truncations. Finally, we 
relate this second applications to a baby, open version of the Gromov-Witten/Donaldson- 
Thomas conjectural comparison. In such a comparison, one meets two basic problems. 
The first, easier, one is in producing a map enabling one to compare the obstruction the- 
ories - and derived algebraic geometry, as we show in the open case, is perfectly suited 
for this (see 32 and ^5.2p . Such a comparison would induce a comparison (via a virtual 
pullback construction as in [Schl Thm 7.4]) between the corresponding virtual fundamental 
classes, and thus a comparison between the GW and DT invariants. The second problem, 
certainly the most difficult one, is to deal with problems arising at the boundary of the 
compactifications. For this second problem, derived algebraic methods unfortunately do 
not provide at the moment any new tool or direction. 

One of the main ingredients of all the applications given in this paper is the construc- 
tion of a perfect determinant map detperf : Perf — )• Pic, where Perf is the stack of 
perfect complexes. Pic the stack of line bundles, and both are viewed as derived stacks 
(see §3.1 for details), whose definition requires the use of a bit of Waldhausen iT-theory 
for simplicial commutative rings, and whose tangent map can be identified with Illusie's 
trace map of perfect complexes ([Till Ch. 5]). We expect that this determinant map might 
be useful in other moduli contexts as well. 

An important remark - especially for applications to Gromov-Witten theory - is that, in 
order to simplify the exposition, we have chosen to write the proofs only in the non-pointed 
case, since obviously no substantial differences except for notational ones are involved. The 
relevant statements are however given in both the unpointed and the n-pointed case. 

To summarize, there are four main points in our paper. The first one is that derived 
algebraic geometry is a natural world where to get completely functorial obstruction the- 
ories. This is proved in §1, and explained through many examples in the rest of the text. 
The second main point concerns the application to reduced obstruction theory for stable 
maps to a K3 surface. More precisely, we give a rigorous proof of the existence of a global 
reduced obstruction theory on the stack of pointed stable maps to a ETS-surface. The 
most complete, among the previous attempts in the literature, is the unpublished [ M-Pl 
§2.2], that only leads - after some further elaboration - to a uniquely defined "obstruction 
theory" with target just the truncation in degrees > — 1 of the cotangent complex of the 
stack of maps (from a fixed domain curve). Moreover, in order to reach this, the authors 
invoke some results on semiregularity maps, whose validity does not seem to be completely 
satisfactorily established. Nevertheless, there is certainly a clean and complete descrip- 
tion of the corresponding expected tangent and obstruction spaces in several papers (see 
|0-P21 IM-Pl IM-P-T| ) , and we prove that our obstruction theory has exactly such tangent 
and obstruction spaces. Our approach does not only establish rigorously such a reduced 
global obstruction theory - with values in the full cotangent complex of the stack of stable 
maps - but also endows such an obstruction theory with all the functoriality properties 
that sometimes are missing in the underived, purely obstruction-theoretic approach. This 
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might prove useful in getting similar results in families or even relative to the whole mod- 
uli stack of i^3-surfaces. Our definition of the reduced obstruction theory on the stack of 
stable maps to a if3-surface comes together with a clear (derived) geometrical picture - 
half of which is valid for any smooth complex projective variety. This should be compared 
to the other existing, partial approaches, where the construction of obstruction spaces 
arises from local linear algebra manipulations whose global geometrical interpretation is a 
bit obscure. In order to get a satisfying global geometric picture underlying this reduced 
obstruction theory, we are forced to move to the world of derived algebraic geometry; 
so, in some sense, our picture describes and explains the geometry underlying those local 
computations. This is another example of what seems to be a fairly general principle: 
some constructions on moduli stacks, that happen to be ad hoc inside algebraic geometry, 
become canonical and gain a neater geometrical interpretation in derived algebraic geom- 
etry. 

The third main point of our paper is another application of our perfect determinant map. 
We show that the stack of simple perfect complexes on a KS-smface is smooth. In the 
fourth and final application, for X a Calabi-Yau threefold, we use the perfect determi- 
nant map and the functoriality of obstruction theories arising from derived extensions, to 
produce a map from a derived stack of stable maps to X to the derived stack of simple 
perfect complexes with fixed determinant on X. We prove that the target derived stack 
is quasi-smooth, and show how this map induces, by functoriality, a comparison map be- 
tween the associated obstruction theories. 

Finally, let us observe that the emerging picture seems to suggest that most of the nat- 
ural maps of complexes arising in moduli problems can be realized as tangent or cotangent 
maps associated to morphisms between appropriate derived moduli stacks. This sugges- 
tion is confirmed in the present paper for the standard obstruction theories associated to 
the stack of maps between a fixed algebraic scheme and a smooth projective target, to the 
stack of stable maps to a smooth projective scheme or to the Picard stack of a smooth 
projective scheme, for the trace map, the Atiyah class map, and the first Chern class 
map for perfect complexes ([1111 Ch. 5]), and for the map inducing 0-M-P-T's reduced 
obstruction theory. 

Description of contents. The first three sections and the beginning of the fifth are 
written for an arbitrary smooth complex projective scheme X. We explain how a derived 
extension induces an obstruction theory on its truncation (§1), how to define the standard 
derived extensions of the Picard stack of X, and of the stack of stable maps to X (§2), and 
finally define the perfect determinant map (§3). In section (§4), we specialize to the case 
where X = S is a smooth complex projective K3 surface. We first give a self-contained 
description of 0-M-P-T's pointwise reduced tangent and obstruction spaces (§4.1). Then, 
by exploiting the features of the derived Picard stack of S (§4.2), we define in §4.3 a derived 
extension MM^''^(S'; /3) of the usual stack Mg(5; j3) of stable maps of type {g, /3 7^ 0) to S, 
having the property that, for the canonical inclusion jVed • 

Mg{S; 13) ^ WMg {S; /3), the 

induced map 



is a perfect obstruction theory with the same tangent and obstruction spaces as the re- 
duced theory introduced by Maulik-Okounkov-Pandharipande-Thomas (§4.4, Theorem. 
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In §5, for a complex smooth projective variety X, we define the derived stack MMg^„(X)'^™* 
of pointed stable maps to X that are closed embeddings, the derived stack A4x = 
MPerf (X)^'''*'^ of simple perfect complexes on X with vanishing negative Ext's, and the 
derived stack Mx,c = MPerf (X)^''*'^ of simple perfect complexes on X with vanishing 
negative Ext's and fixed determinant C, and we define a morphism C : RMg^„(X)'^™^ — > 
■Mx,c- When X is a -ftTS-surface, we show that the truncation stack of Mx is smooth. 
When X is a Calabi-Yau threefold, we prove that Mx,c is quasi-smooth, and that the 
map C induces a map between the obstruction theories on the underlying underived stacks. 

In an Appendix we give a derived geometrical interpretation of the Atiyah class map 
and the first Chern class map for a perfect complex E on a scheme Y, by relating them to 
the tangent of the corresponding map '■ Y — > Perf ; then we follow this reinterpretation 
to prove some properties used in the main text. 
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Notations. For background and basic notations in derived algebraic geometry we refer 
the reader to jHAG-IIl Ch.2.2] and to the overview |To-2l §4.2, 4.3]. In particular, Stc 
(respectively, dStc) will denote the (homotopy) category of stacks (respectively, of derived 
stacks) on SpecC with respect to the etale (resp., strongly etale) topology. We will most 
often omit the inclusion functor i : Stc dStc from our notations, since it is fully faith- 
ful; its left adjoint, the truncation functor, will be denoted to : dStc Stc ( |HAG-lil 
Def. 2.2.4.3]). In particular, we will write to(-F) ^ F for the adjunction morphism 
ito{F) F. However recall that the inclusion functor i does not commute with taking 
internal HOM (derived) stacks nor with taking homotopy limits. All fibered products of 
derived stacks will be implicitly derived (i.e. they will be homotopy fibered products in 
the model category of derived stacks). 

When useful, we will freely switch back and forth between (the model category of) sim- 
plicial commutative fc-algebras and (the model category of) commutative differential non- 
positively graded fc-algebras, where A; is a field of characteristic ( |To-Vel App. A]). 
All complexes will be cochain complexes and, for such a complex C*, either C<„ or 
(depending on typographical convenience) will denote its good truncation in degrees < n. 
Analogously for either C>„ or C^" f fWeil 1.2.7]). 

To ease notation we will often write (8) for the derived tensor product whenever no 
confusion is likely to arise. 

X will denote a smooth complex projective scheme while S a smooth complex projective 
X3-surface. 

As a purely terminological remark, for a given obstruction theory, we will call its de- 
formation space what is usually called its tangent space (while we keep the terminology 
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obstruction space). We do this to avoid confusion with tangent spaces, tangent complexes 
or tangent cohomologies of related (derived) stacks. 

We will often abbreviate the list of authors Okounkov-Maulik-Pandharipande-Thomas to 
0-M-P-T. 

1 Derived extensions, obstruction theories and their func- 
toriaUty 

We briefly recall here the basic observation that a derived extension of a given stack X 
induces an obstruction theory (in the sense of |B-Fj ) on X, and deduce a richer functori- 
ality with respect to the one known classically. Everything in this section is true over an 
arbitrary base ring, though it will be stated for the base field C. 

1.1 Derived extensions induce obstruction theories 

Let to : dStc Stc be the truncation functor between derived and underived stacks over 
C for the etale topologies ( |HAG-IH Def. 2.2.4.3]). It has a left adjoint i : Stc dStc 
which is fully faithful (on the homotopy categories), and is therefore usually omitted from 
our notations. 

Definition 1.1 Given a stack X G Ho(Stc), a derived extension of X is a derived stack 
X'^^'^ together with an isomorphism 

X ~ toiX"^^'). 

Proposition 1.2 Let X'^'^'^ be a derived geometric stack which is a derived extension of 
the (geometric) stack X . Then, the closed immersion 

j:X^ ioiX'^''') ^ X'^^' 

induces a morphism 

j*(L;t,dcr) y l^X 

which is 2-connective, i.e. its cone has vanishing cohomology in degrees > — 1. 

Proof. The proof follows easily from the remark that if ^ is a simplicial commutative 
C-algebra and A — > t:q{A) is the canonical surjection, then the cotangent complex ^ttq(^a)/a 
is 2-connective, i.e. has vanishing cohomology in degrees > — 1. □ 

The previous Proposition shows that a derived extension always induces an obstruc- 
tion theory (whenever such a notion is defined by [B-F|, Def. 4.4], e.g. when X \s a. 
Deligne-Mumford stack). In particular, recalling that a derived stack is quasi-smooth if 
its cotangent complex is perfect of amplitude in [—1,0], we have the following result 

Corollary 1.3 Let X'^^^ be a quasi-smooth derived Deligne-Mumford stack which is a 
derived extension of a (Deligne-Mumford) stack X . Then 

j*(L^dcr) — > "Lx 
is a [— 1, 0]-per/eci obstruction theory as defined in \B-T\ Def. 5.1]. 
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Remark 1.4 We expect that also the converse is true, i.e. that given any stack X locally 
of finite presentation over a field k, endowed with a map of co-dg-Lie algebroids E — Lx, 
there should exist a derived extension inducing the given obstruction theory. We will come 
back to this in a future work and will not use it in the rest of this paper, although it should 
be clear that it was exactly such an expected result that first led us to think about the 
present work. Moreover, as a matter of fact, all the obstruction theories we are aware of 
indeed come from derived extensions, and the cases covered below simply add to this list. 



1.2 Functoriality of deformation theories induced by derived extensions 



If / : X — 7- y is a morphism of (Deligne-Mumford) stacks, and ox '■ Ex — > Ljc and oy : 
Ey — > Ly are ([— 1, 0]-perfect) obstruction theories, the classical theory of obstructions 
( |B-F] ) does not provide in general a map /*-E'y Ex such that the following square 

f*(0Y) 
PEy — ^ /*Ly 



Ex 



ox 



■L 



X 



is commutative (or commutative up to an isomorphism) in the derived category T)[X) 
of complexes on X, where /*Ly Lx is the canonical map on cotangent complexes 
induced by / (jUD Ch. 2, (1.2.3.2)']). On the contrary, if jx : X ^ MX and jy :¥ ^ WY 
are quasi-smooth derived (Deligne-Mumford) extensions of X and Y , respectively, and 
F : MX MY is a morphism of derived stacks 



MX' 



toF 



lY 



then Jx^RX ^x and jy^RY Ly are ([— 1, 0]-perfect) obstruction theories by Cor. 
11.31 and moreover there is indeed a canonical morphism of triangles in D(X) (we denote 
to{F) by /) 



jx^RX 



Y 



■L 



X 



• L- 



•RX/X 



(see |HAG-IIl Prop. 1.2.1.6] or ^ Ch. 2, (2.1.1.5)]). This map relates the two induced 
obstruction theories and may be used to relate the corresponding virtual fundamental 
classes, too (when they exist, e.g. when X and Y are proper over k). We will not do this 
here since we will not need it for the results in this paper. However, the type of result we 
are referring to is the following 



Proposition 1.5 [Scht Thm. 7.4] Let F : MX — ?> MY be a quasi-smooth morphism between 
quasi-smooth Deligne-Mumford stacks, and f : X Y the induced morphism on the 
truncations. Then, there is an induced virtual pullback (as defined in [Man] j f' : A^(Y) — > 
A^{X), between the Chow groups ofY and X , such that /■([y]"0 = [X^"', where [X]"'~ 
(respectively, [y]™''j is the virtual fundamental class i^ jB-F) ) on X (resp., onY) induced 
by the [—1,0] perfect obstruction theory j*x'^RX ^x (resp., by jy'L^y — )• Lyj. 
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2 Derived stack of stable maps and derived Picard stack 

In this section we prove a correspondence between derived open substacks of a derived 
stack and open substacks of its truncation, and use it to construct the derived Picard stack 
MPic(X; /3) of type /3 G H'^{X,Z), for any complex projective smooth variety X. After 
recahing the derived version of the stack of (pre-)stable maps to X, possibly pointed, the 
same correspondence will lead us to defining the derived stack MMg(X; /3) of stable maps 
of type {g, (3) to X and its pointed version. 

Throughout the section X will denote a smooth complex projective scheme, g a nonneg- 
ative integer, ci a class in Z) (which, for our purposes, may be supposed to belong 

to the image of Pic(X) ~ H^{X,0*x) H^{X,Z), i.e. belonging to H^^^{X)nH^{X,Z)), 
and P G H2{X,'L) an effective curve class. 

We will frequently use of the following 

Proposition 2.1 Let F he a derived stack and to{F) its truncation. There is a bijective 
correspondence 

(j)F '■ {Zariski open substacks of to(-F)} — > {Zariski open derived substacks of F}. 

For any Zariski open substack Uq ^ to{F), we have a homotopy cartesian diagram in 
dStc 

Uo^ -to(F) 

MUo)^ 

where the vertical maps are the canonical closed immersions. 

Proof. The statement is an immediate consequence of the fact that F and to(-F) have 
the same topology ([ HAG-lH Cor. 2.2.2.9]). More precisely, let us define as follows. If 
Uq ^ to(F) is an open substack, (j)p{Uo) is the functor 

SAlgc SSets : A ^ F{A) Xt„(p)(^„(^)) UoiM^)) 

where F{A) maps to to(-F)('7ro(A)) via the morphism (induced by the truncation functor 
to) 

F(^) ~ MHomdstjMSpec(A),F) ^ MHomstJto(MSpec(A)),to(F)) =^ to(F)(^o(^)). 
The inverse to (pp is simply induced by the truncation functor to- □ 

2.1 The derived Picard stack 

Definition 2.2 The Picard stack of X/C is the stack 

Pic{X) := MHOMstc(X,SG^). 
The derived Picard stack of X/C is the derived stack 

MPic(X) :=MHOMdstc(^,^(G„). 
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By definition we have a natural isomorphism to(MPic(X)) ~ P\c{X) in Ho(dStc)- 
Note that even though Pic(X) is smooth, it is not true that MPic(X) ~ Pic(X), if 
dim(X) > 1; tliis can be seen on tangent spaces since 

TLMPic(X) ~C'(X,Ox)[l] 

for any global point xl '■ Spec(C) — )■ MPic(X) corresponding to a line bundle L over X. 

Given ci € H^(X, Z), we denote by Pic(X; ci) the open substack of Pic(X) classifying 
line bundles with first Chern class ci. More precisely, for any R € Algj-, let us denote 
by Vecti(i?;ci) the groupoid of line bundles L on Spec(i?) x X such that, for any point 
X : Spec(C) — ?• Spec(i?) the pullback line bundle on X has first Chern class equal to 
ci. Then, Pic(X;ci) is the stack: 

Algc — > SSets : R i — > Nerve(Vecti(i?; ci)) 

where Nerve(C) is the nerve of the category C. 
Note that we have 

Pic(X)= ]J Pic(X;ci). 

Definition 2.3 Let c\ € H'^{X,7j). The derived Picard stack of type ci of X/C is the 
derived stack 

MPic(X;ci) := ,/)KPie(x)(Pic(X; ci)). 

In particular, we have a natural isomorphism to(MPic(X; ci)) ~ Pic(X;ci), and a 
homotopy cartesian diagram in dStc 

Pic{X; ci)c ^ Pic(X) 

RPic(X; ci)C ^ MPic(X) 

2.2 The derived stack of stable maps 

We recall from [To- 2 1 4.3 (4.d)] the construction of the derived stack MMg'^'^(X) (respec- 
tively, MMgJ^(X)) of prestable maps (resp., of n-pointed prestable maps) of genus g to X, 
and of its open derived substack MMg(X) (respectively, MMg^„(X)) of stable maps (resp., 
of n-pointed stable maps) of genus g to X. Then we move to define the derived version of 
the stack of (pointed) stable maps of type ((?,/3) to X. 

Let M.g^^ (respectively, M^^^) be the stack of (resp. n-pointed) pre-stable curves of 
genus g, and Cg'^° — > M.g'^° (resp. Cg^n — > ^T,^) its universal family (see e.g. |BetlO-Pl] ). 

Definition 2.4 • The derived stack WM.g^^{X) of prestable maps of genus g to X is 
defined as 

RM^-(X) := MHOMdste/Mr(Cr'^ >< ^D' 



10 



WM.g^^{X) is then canonically a derived stack over M.g^^, and the corresponding 
derived universal family MC^.'^ is defined by the following homotopy cartesian square 



ppre 
1--0 



The derived stack MMg^^(X) of n-pointed prestable maps of genus 5 to X is defined 



as 



RM^-(X) := MHOMdste/M-(Crn'^ >< ^^n)- 
MMg^,^(X) is then canonically a derived stack over'^sA^^n, and the corresponding de- 
rived universal family KC^'J^.^ ^-^ defined by the following homotopy cartesian square 



Note that, by definition, MCg^*^ comes also equipped with a canonical map 

We also have to(MM3'^''(X)) ~ Mg'^'^(X) (the stack of prestable maps of genus g to X), 
and to(MC^^'j^) ~ ^g^x (^^^ universal family over the stack of pre-stable maps of genus g 
to X), since the truncation functor to commutes with homotopy fibered products. The 
same is true for the pointed version. 

We can now use Proposition 12.11 to define the derived stable versions. Let Mg(X) 
(respectively, Mg^„(X) ) be the open substack of Mg'^*^(X) (resp. of Mg^n(X)) con- 
sisting of stable maps of genus g to X (resp. n-pointed stable maps of genus g to X), 
and Cg-x — > Mg'^'^(X) (resp. Cg,n;X — > Mg^^(X)) the (induced) universal family 

([HilEPT]). 

Definition 2.5 • The derived stack MMg(X) of stable maps of genus g to X is de- 
fined as 

RMg{X) :=0i,Mr{x)(M3(X)). 
The derived stable universal family 

RCg.J, ^RMg{X) 

is the derived restriction ofRC^''^ RM^^iX) to RMg{X). 

• The derived stack MMg^„(X) of n-pointed stable maps of genus g to X is defined as 

RMg^niX) := 0MMg-(x)(M<,,„(X)). 
The derived stable universal family 

RCg,n;X ^^Mg^niX) 

is the derived restriction o/MC^^'^.^^ RM^g^^niX) to MMg,„(X). 
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Recall that 

. to{RMg{X)) c^M,{Xy, 

• to(MCg;x) - ; 

• MCg; X comes equipped with a canonical map 

vr : RCg-x — > RMg{X) x X; 

• we have a homotopy cartesian diagram in dStc 

Mg{x)^ — -Mrw 

WMg{X)^ ^ MMP'''(X) 

With the obvious changes, this applies to the pointed version too. 

Let g a non-negative integer, /3 € H2{X,Z), and M.g{X;f3) (respectively, Mg^„(X; /?)) 
be the stack of stable maps (resp. of n-pointed stable maps) of type {g, f3) to X (see e.g. 
IBel or |()-Plj ): its derived version is given by the following 

Definition 2.6 • The derived stack of stable maps of type {g,f3) to X is defined as 
the open substack ofWWLg(X) 

mAg{X;l3) := 0j,j^,(X)(M,(X; /?)). 

The derived stable universal family of type {g; 13), 

MCg,ftx ^MM3(X;/3), 

is the (derived) restriction ofRCg-x — > MMg{X) to RMg{X;f3). 

• The derived stack of n-pointed stable maps of type {g, (3) to X is defined as the open 
substack ofRMg^n{X) 

MM,,„(X;/3) := (/>jjj^„„(X)(M,,n(X; 

The derived stable universal family of type {g; f3), 

RCg^nAX -^^Mg,n{X;(3), 

is the (derived) restriction ofMCg^n;X — > R^g,niX) to MMg^„(X; /3). 

Note that, by definition, to{RMg{X; /3)) ~ Mg(X;/3), therefore MMg(X;/3) is a proper 
derived Deligne-Mumford stack ( |HAG-lH 2.2.4]). Moreover, the derived stable universal 
family MCg^jj-x comes, by restriction, equipped with a natural map 

TT : mg^(5;x RMgiX; (3) x X. 
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We have a homotopy cartesian diagram in dStc 

Mg{X;(3)^ ^Mg{X) . 

RMg{X; I3f ^ MM3(X) 

Analogous remarks are valid in the pointed case. 

The tangent complex of WNLg{X; (3) at a stable map {f : C X) of type {g,f3) 
(corresponding to a classical point Xf : Spec(C) — > MM.g{X; (3)) is given bj0 

{C,Cone{Tc ^ fTx)), 

where Tq is the tangent complex of C and Tx is the tangent sheaf of X. 
The canonical map WM.g{X; j3) Mg"^^ is quasi-smooth. In fact, the fiber at a geomet- 
ric point, corresponding to prestable curve C, is the derived stack ]RHOM^(C, X) whose 
tangent complex at a point f : C X is Mr(C, f*Ts) which, obviously, has cohomology 
only in degrees [0,1]. But M^'^'^ is smooth, and any derived stack quasi-smooth over a 
smooth base is quasi-smooth (by the corresponding exact triangle of tangent complexes). 
Therefore the derived stack WM.g{X; P) is quasi-smooth. 

Proposition ll.2l then recovers the standard (absolute) perfect obstruction theory on Mg(X; /3) 
via the canonical map 

induced by the closed immersion j : Mg(X; /?) ^ WM.g{X; f3). 

In the pointed case, the tangent complex of MMg_„(X; j3) at a pointed stable map 
(/ : (C; xi, . . . , Xn) — > X) of type {g, f3) (corresponding to a classical point xj : Spec(C) — )• 
MMp^„(X;/3)) is likewise given by 

T(/;(C;xi,...,x„HX) =:=^Kr(C,Cone(Tc(-^x,)^rTx)). 

i 

The same argument as above proves that also the canonical map MMg^„(X; /?) — ?> M^^^ is 
quasi-smooth, and Proposition [L2] then recovers the standard absolute perfect obstruction 
theory on Mg^„(X; /3) via the canonical map 

induced by the closed immersion j : Mg^„(X;/3) ^ RMg^„(X; /3). Note that, as ob- 
served in [0-PH 5.3.5], this obstruction theory yields trivial Gromov-Witten invariants 
on Mg^niX; for X = S a K3 surface. Hence the need for another obstruction theory 
carrying more interesting curves counting invariants on a iir3-surface: this will be the 
so-called reduced obstruction theory (see §4.1^ §4.3^ and Theorem 14.80 . 



^The [1] shift in [CF-Kl Thm. 5.4.8] is clearly a typo: their proof is correct and yields no shift. 
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3 The derived determinant morphism 



In this section we start by defining a quite general perfect determinant map of derived 
stacks 

detperf : Perf — > Pic = BGm 

whose construction requires a small detour into Waldhausen ii'-theory. We think this 
perfect determinant might play an important role in other contexts as well, e.g. in a 
general GW/DT correspondence. 

Using the perfect determinant together with a natural perfect complex on MMg(X; /3), 
we will be able to define a map 

5i{X) : RMg{X) — > MPic(X) 

which will be one of the main ingredients in the construction of the reduced derived stack 
of stable maps MMg (5;/3), for a i^3-surface 5, given in the next section. 

3.1 The perfect determinant map 

The aim of this subsection is to produce a determinant morphism detperf : Perf — > Pic 
in Ho(dStc) extending the natural determinant morphism Vect — > Pic. To do this, we 
will have to pass through Waldhausen i^-theory. 

We start with the classical determinant map in Ho(Stc), det : Vect — > Pic, induced 
by the map sending a vector bundle to its top exterior power. Consider the following 
simplicial stacks 

S.Pic : A°P 3 [n] ^ (Pic)" 

(with the simplicial structure maps given by tensor products of line bundles, or equiva- 
lently, induced by the product in the group structure of BGm — Pic), and 

5. Vect : A°P 3 [n] i — > wSnVect, 

where, for any commutative C-algebra R, tt;S'„Vect(i?) is the nerve of the category of 
sequences of split monomorphisms 

Ml ^ M2 . . . Mn 

with morphisms the obvious equivalences, and the simplicial structure maps are the natural 
ones described in \Wal\ 1.3]. Similarly, we define the simplicial object in stacks 

S.Perf : A°p 3 [n] 1 — > wSnPerf 

(see [Wall 1.3] for the definition of wSn in this case). Now, B,Pic and S.Vect, and 
S.Perf are pre-A°P-stacks according to Def. 1.4.1 of |To-l| . and the map det extends to 
a morphism 

det. : 5. Vect — > S.Pic 

in the homotopy category of pre-A°P-stacks. By applying the functor i : Ho(Stc) — >■ 
Ho(dStc) (that will be, according to our conventions, omitted from notations), we get a 
determinant morphism (denoted in the same way) 

det, : 5, Vect — > B,Pic 
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in the homotopy category of pre-A°P-derived stacks. We now pass to Waldhausen theory, 
i.e. apply K := o | — | (see |To-H Thm 1.4.3], where the loop functor O is denoted by 
MO=K, and the realization functor | — | by B), and observe that, by [To-lj Thm 1.4.3 (2)], 
there is a canonical isomorphism in Ho(dStc) 

K(5.Pic) Pic 

since Pic is group- like (i.e. an i?oo-stack in the parlance of [To-lj Thm 1.4.3]). This gives 
us a map in Ho(dStc) 

K(det,) : K(5.Vect) — > Pic. 

Now, consider the map u : K^^^* := K(S,Vect) — > K(5.Perf) := K^^^^ in Ho(dStc), 
induced by the inclusion Vect ^ Perf. By |Wal[ Thm. 1.7.1], u is an isomorphism in 
Ho(dStc). Therefore, we get a diagram in Ho(dStc) 



K(det.) 
j^Vect ^ Pic 



Perf 



Ist-level 



K 



Perf 



where u is an isomorphism. This allows us to give the following 

Definition 3.1 The induced map in Ho(dStc) 

detperf : Perf — > Pic 

is called the perfect determinant morphism. 

For any complex scheme (or derived stack) X, the perfect determinant morphism 
detperf : Perf — > Pic induces a map in Ho(dStc) 

detperf(X) : MPerf(X) := MHOMdstc Perf ) MHOMdstc(^, Pic) =: KPic(X). 

As perhaps not totally unexpected (e.g. [Till Rem. 5.3.3]), the tangent morphism to the 
perfect determinant map is given by the trace for perfect complexes 

Proposition 3.2 Let X be a complex quasi-projective scheme, and detporf(-Y) : MPerf(X) 
MPic(X) the induced perfect determinant map. For any complex point xe '■ SpecC — ?• 
MPerf(X), corresponding to a perfect complex E over X, the tangent map 

T^^detperf(X) : T^^MPerf(X) ~ WRora{E , E)[l] — > WRora{0 s , O s)\\] ~ T^^MPic(X) 

is given by tr£;[l], where tiE is the trace map for the perfect complex E of ^Ill| Ch. 5, 
3.7.3]. 

Proof. Let MPerf"*"^*(X) := MHOMdstc(^> Perf '*"'=*) be the derived stack of strict 
perfect complexes on X ( |SGA61 Exp. I, 2.1]). Since X is quasi-projective, the canon- 
ical map RPerP*'^"^'(X) — )• MPerf(X) is an isomorphism in Ho(dStc). Therefore (e.g. 
|SGA61 Exp. I, 8.1.2]), the comparison statement is reduced to the case where S is a 
vector bundle on X, which is a direct computation and is left to the reader. □ 
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3.2 The map MMg(X) — > MPerf(X) 
A map 

RMg(X) — > MPerf(X) = MHOMdstc(^> Perf) 
in Ho(dStc) is, by adjunction, the same thing as a map 

MMg(X) X X — > Perf 

i.e. a perfect complex on MMg(X) x X; so, it is enough to find such an appropriate perfect 
complex. 

Let 

TT : RCg-x — > RMg{X) X X 
be the derived stable universal family ( ^2.2p . 

Proposition 3.3 RTT^{OKCg. x) ^ perfect complex on M.'Mg{X) x X. 

Proof. The truncation of vr is proper, hence it is enough to prove that tt is also quasi- 
smooth. To see this, observe that both M.Cg- x and MMg(X) x X are smooth over M.M.g{X). 
Then we conclude, since any map between derived stacks smooth over a base is quasi- 
smooth. 

□ 

Remark 3.4 If we fix a class /3 G H2{X,'Z), the corresponding /3-decorated version of 
Proposition 13.31 obviouslv holds. 

We may therefore give the following 

Definition 3.5 We will denote by 

Ax : MM<,(X) — > MPerf(X) 

the map induced by the perfect complex MTT^,{OM.Cg. x)- 

Note that, by definition, Ax sends a complex point of MMg(A'), corresponding to a 
stable map / : C ^ X to the perfect complex M/^.Oc' on X. 

The tangent morphism of Ax- The tangent morphism of Ax is related to the Atiyah 
class of M7r*(OKCg. x)' ^^^'^ pointwise on MMg(X) to the Atiyah class map of the perfect 
complex M/^Oc: this is explained in detail in Appendix [Aj so we will just recall here the 
results and the notations we will need in the rest of the main text. 

Let us write £ := WTT^{OuCg- x)'^ since this is a perfect complex on MMg(X) x X, its Atiyah 
class map (see Appendix |A|) 

ate ■■ £ ^L^MgWxX 
corresponds uniquely, by adjunction, to a map, denoted in the same way. 
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Let X be a complex point x of MMg(X) corresponding to a stable map f : C X, and let 
p : C ^ SpecC and g : X — > SpecC denote the structural morphisms, so that p = q o f. 
Correspondingly, we have a ladder of homotopy cartesian diagrams 



C- 



X 



SpecC ■ 



iMg{X) X X 



pr 



■MMg(X) 



X 



■ SpecC 



Let us consider the perfect complex E := Wf^:Oc on X. By [TTT, Ch. 4, 2.3.7], the complex 
E has an Atiyah class map 

atE : E — > E(g)nx[l] 

which corresponds uniquely {E being perfect) by adjunction to a map (denoted in the 
same way) 

atE : Tx MEndx(R/,Oc)[l]. 
Proposition 3.6 In the situation and notations above, we have that 
• the tangent map of Ax fits into the following commutative diagram 



T- 



RM5{X) 
can 



lpr^{£'' £)[l] 

■P'''*^WM.g{X)xX 



where can denote obvious canonical maps, and E := M7r*(0]KCg.x)- 
The tangent map to Ax at x = {f : C ^ X), is the composition 

T^Ax : T^RM,{X) ~ Mr(C,Cone(Tc ^ f*Tx)) I^r(X, x*Tj^m,{x)xx' 



■REndx(M/*Oc)[l] - TK/,Oc^Perf(X) 



where E := M/*Oc 
• The composition 

RT(X,Tx) ^^Rr{X,RfJ*Tx) ^^RTiX, Cone{Rf^Tc ^ Rf*f*Tx)) ^ T^RMg 

x*A3^TMPerf (X) ~ TK/.OcI^Perf (X) ~ REndx{Rf*Oc)[l] 
coincides with RT(X, atE), where E := M/^.C'c'. 

Proof. See Appendix El D 
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Definition 3.7 We denote by 5i{X) the composition 

RMg(X) ^^RPerf(X) RPic(X), 

and, for a complex point x of WNLg{X) corresponding to a stable map f : C ^ X , by 
Of := Tf5iiX) : T(^,c^;,)RMg(X) ^TM/.o^MPerf(X) ^Tdet(R/,Oc)lRPic(X). 

Note that, as a map of explicit complexes, we have 
6/ : Mr(C,Cone(Tc ^ TTx)) — MHomx(M/,Oc, R/*Oc)[l] — Mr(X, 



Remark 3.8 - First Chern class of M/^Oc and the map Of. Using Proposition I3.6| 
we can relate the map 0/ above to the first Chern class of the perfect complex Rf^Oc ( [nil 
Ch. V]). With the same notations as in Prop. 13.61 the following diagram is commutative 

Rq^Tx ^ Mq.REnd V (M f.Or)\l] Rq*Ox\1] ■ 



id 



Rq,RfJ*Tx ^ RpJ*Tx -Mp*Cone(Tc ^ f*Tx) ^Rq,Ox[l] 

In this diagram, the composite upper row is the image under Rq^, of the first Chern class 
ci{Rf,Oc) G Ext\{Tx,Ox) ^ HHX,n\). 

Pointed case - In the pointed case, if 

Tl : RCg,n-X RMg,n{X) X X 

is the derived stable universal family ( ^2.2p . the same argument as in Proposition 13.31 shows 
that Rn^^OuCg. x) a perfect complex on RMg^niX) x X. And we give the analogous 

Definition 3.9 • We denote by 

: MM3,„(X) — > MPerf(X) 
the map induced by the perfect complex RTT^{OM.Cg ,^.x)- 
• We denote by 5^"^ (X) the composition 

A^;'' ^ ^ detpcrffX) , , 

RMg^niX) MPerf (X) ^ RPic(X), 

and, for a complex point x of R'M.g{X) corresponding to a pointed stable map f : 
iC;xi, ...,Xn)^X, by 

ef^ := TfS^^'Hx) : T/RM^,„(X) ^^TK^,Oe^Perf(X) ^Tdet(R/,Oc.)^Pic(X). 

And again, if we fix a class (3 € H2{X,'L), we have the corresponding /3-decorated 
version of Definition [ 
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4 The reduced derived stack of stable maps to a A'S-surface 



In this section we specialize to the case of a -fC3-surface S, with a fixed nonzero curve 
class /3 G 1/2(5'; Z) ~ i?^(5;Z). After recalling in some detail the reduced obstruction 
theory of 0-M-P-T, we first identify canonically the derived Picard stack MPic(S') with 
Pic(5') X MSpec(Sym(ff''(S, where Ks is the canonical sheaf of S. This result is 

then used to define the reduced version MM^ {S; /3) of the derived stack of stable maps 

of type {g,l3) to S (and its n-pointed variant MMg°|](S'; /3)), and to show that this in- 
duces, via the canonical procedure available for any algebraic derived stack, a modified 
obstruction theory on its truncation Mg(S;/3) whose deformation and obstruction spaces 
are then compared with those of the reduced theory of 0-M-P-T. As a terminological 
remark, given an obstruction theory, we will call deformation space what is usually called 
its tangent space (while we keep the terminology obstruction space). We do this to avoid 
confusion with tangent spaces, tangent complexes or tangent cohomologies of possibly re- 
lated (derived) stacks. 

4.1 Review of reduced obstruction theory 

For a -ftTS-surface S, the moduli of stable maps of genus g curves to S with non-zero 
effective class /3 € H^'^{S,C) Ci H'^{S,Z) (note that Poincare duality yields a canonical 
isomorphism H2{S;Z) ~ H'^{S;'E) between singular (co) homologies) carries a relative 
perfect obstruction theory. This obstruction theory is given by 

Here vr : Cg^is- s — > Mg(5 ; /3) is the universal curve, F : Cg^i^- 5 ^ 5 is the universal morphism 
from the universal curve to S, and Mg^^ denotes the Artin stack of prestable curves. A 
Riemann-Roch argument along with the fact that a ii'S-surface has trivial canonical bundle 
yields the expected dimension of M.g{S; /3): 

exp dim Mg(5; (3) = g — 1. 

We thus expect no rational curves on a iCS-surface. This result stems from the deformation 
invariance of Gromov-Witten invariants. A i('3-surface admits deformations such that the 
homology class /3 is no longer of type (1, 1), and thus can not be the class of a curve. 

This is unfortunate, given the rich literature on enumerative geometry of /C3-surfaces, 
and is in stark contrast to the well-known conjecture that a projective ii'3-surface over an 
algebraically closed field contains infinitely many rational curves. Further evidence that 
there should be an interesting Gromov-Witten theory of -fCS-surfaces are the results of 
Bloch, Ran and Voisin that rational curves deform in a family of /CS-surfaces provided 
their homology classes remain of type (1,1). The key ingredients in the proof is the semi- 
regularity map. We thus seek a new kind of obstruction theory for Mg(5;/3) which is 
deformation invariant only for such deformations of S which keep /? of type (1, 1). 

Such a new obstruction theory, called the reduced obstruction theory, was introduced 
in |0-P2[ IM-Pt IM-P-T] . Sticking to the case of moduli of morphisms from a fixed curve 
C to 5, the obstruction space at a fixed morphism / is H^{C, f*Ts). 
This obstruction space admits a map 
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H\C, rTs) — H\C, rns) — H\C, Q'c) H\C, coc) ^ C , 

where the first isomorphism is induced by the choice of a holomorphic symplectic form on 
S. The difficult part is to prove that all obstructions for all types of deformations of / (and 
not only curvilinear ones) lie in the kernel of this map. Once this is proven, Mg(S'; (3) car- 
ries a reduced obstruction theory which yields a virtual class, called the reduced class. This 
reduced class is one dimension larger that the one obtained from the standard perfect ob- 
struction theory and leads to many interesting enumerative results (see |PH IM-Pl IM-P-T| ) . 

We will review below the construction of the reduced deformation and obstruction 
spaces giving all the details will be needed in our comparison result (Thm. I4.8p . 

4.1.1 Deformation and obstruction spaces of the reduced theory according to 
O-M-P-T 

For further reference, we give here a self-contained treatment of the reduced deformation 
and reduced obstruction spaces on M.g{S; (3) according to Okounkov-Maulik-Pandharipande- 
Thomas. 

Let us fix a stable map / : C ^ 5 of class /3 / and genus g; p : C ^ SpecC and 
q : S ^ SpecC will denote the structural morphisms. Let ~ p'CspecC be the dualizing 
complex of C, and uc = 1] the corresponding dualizing sheaf. 

First of all, the deformation spaces of the standard (i.e. unreduced) and reduced 
theory, at the stable map /, coincide with 

H\C, Cone{Tc ^ f*Ts)) 
where Tc is the cotangent complex of the curve C. 

Let's recall now ( |P1[ §3.1]) the construction of the reduced obstruction space. We give 
here a canonical version, independent of the choice of a holomorphic symplectic form on 
S. 

Consider the canonical isomorphisnj^ 

ip:Ts0H<'{S,Ks)^^nl. 

By tensoring this by H^{S, KsY ~ H'^{S,Os) (this isomorphism is canonical by Serre 
duality) which is of dimension 1 over C, we get a canonical sequence of isomorphisms of 
Os-Modules 

Ts Ts H^{S, Ks) H\S, Os) ^\ ® H\S, Os). 

We denote hy il) :Ts ^ ^\ ^ H'^iS, Os) the induced, canonical isomorphism. Form this, 
we get a canonical isomorphism of Oc'-Modules 

/*V : f*Ts f*inl) H^S, Os). 

■^We use throughout the standard abuse of writing T®V for J^8o^p* V, for any scheme p : X —>■ SpecC, 
any Ox -Module and any C- vector space V. 
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Now consider the canonical maps 

where uc — uJ.c [~ ^] duahzing sheaf of C and loq = p Ospec c the duahzing complex 

of C (see [Ha-RDt Ch. V]). We thus obtain a map 

V : fTs ^uic0 H\S, Os)[-l] ^uc® H\S, Os). 

By the properties of dualizing complexes, we have 

uic®H\S,Os)[-l]=uic®P*{H\S,Os))[-l] ^p\H\S,Os)[-l]), 

so we get a canonical morphism 

fTs^p-{H\S,Os)[-l]) 

which induces, by applying Mp* and composing with the adjunction map Mp*p' — )■ Id, a 
canonical map 

a : Mr(C, rTs) ^ Rp.iPTs) — Rp^u^c ® H\S, Os)) ^ Rp.p-{H^iS, Os)[-l]) H^{S, Os)[-l] • 

Since MF is a triangulated functor, to get a unique induced map 

a : Mr(C,Cone(Tc ^ fTs)) H\S,Os)[-1] 

it will be enough to observe that Homj3(c)(Mp,,Tc[l], H^{S, 1]) = (which is obvious 

since M|?*Tc[l] lives in degrees [—1, 0], while H'^{S, Os)[—^ in degree 1), and to prove the 
following 



Lemma 4.1 The composition 

Rp.Tc Rp*rTs ^ Rp,{ujc H^S, Os)) 

vanishes in the derived category D{C). 
Proof. If C is smooth, the composition 

Tc — - FTs rn], ^ H^{s, Os) -^nh^ Os) 

is obviously zero, since Tc — Tq in this case, and a curve has no 2-forms. For a general 
prestable C, we proceed as follows. Let's consider the composition 

e-.Tc rTs ® H^{S, Os) ^ 1^1, HHS, Os) -^ojc® H^S, Os) := C 

On the smooth locus of C, T-L^{9) is zero (by the same argument used in the case C 
smooth), hence the image of ^^{O) : 7i^{Tc) — Tq C is a, torsion subsheaf of the line 
bundle C But C is Cohen-Macaulay, therefore this image is 0, i.e. n^{e) = 0; and, 
obviously, W{0) = for any i (i.e. for i = 1). Now we use the hypercohomology spectral 
sequences 

HP{C,W{Tc)) mP+^{C,Tc) ^ HP+i{Rr{C,Tc)), 
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to conclude that the induced maps 

are zero for all i's. Since C is a field, we deduce that the map Rr(^) = Rp^,(0) is zero in 
D{C) as weU. □ 

By the Lemma above, we have therefore obtained an induced map 
a : Mr(C,Cone(Tc ^ fTs)) H^{S,Os)[-l]. 

Now, 0-M-P-T reduced obstruction space is defined as ker H'^{q). 
Moreover, again by Lemma |4.H we have an induced map 

V : Mp*Cone(Tc ^ f*Ts) Mp,(a;c O H'^{S, O5)), 

and, since the canonical map 

Rp,{ujc H\S,Os)) ^ H\S,Os)[-l\ 

obviously induces an isomorphism on i?^, we have that 0-M-P-T reduced obstruction 
space is also the kernel of the map 

H\v) : H\m:{C,Cone{Tc ^ TTs)) ^ H\C,uJc H\S,Os)). 
The following result proves the nontriviality of 0-M-P-T reduced obstruction space. 

Proposition 4.2 //, as we are supposing, /3 ^ 0,the maps H^(v), H^{a), H^{a), and 
H^(M.p^{v)) are all nontrivial, hence surjective. 

Proof The non vanishing of H^{M.p^:(v)) obviously implies all other nonvanishing state- 
ments, and the nonvanishing of H^{M.p^{v)) is an immediate consequence of the following. 

Lemma 4.3 Since the curve class /3 7^ 0, the map 

H\tos):HHC,rnl)^HHC,u;c) 

is nonzero (hence surjective). 

Proof of Lemma. By |B-M1 Cor. 2.3], /3 ^ implies nontriviality of the map df : f*0,^g — > 
Q^j. But 5 is a smooth surface and C a prestable curve, hence in the short exact sequence 

the sheaf of relative differentials ^q^^ is concentrated at the (isolated, closed) singular 
points and thus its vanishes. Therefore the map 

is surjective. The same argument yields surjectivity, hence nontriviality (since H^{C,ujc) 
has dimension 1 over C), of the map H^(t) : H^{C, 0,^) — > H^{C,ujc)^ by observing that, 
on the smooth locus of C, Q,^ ~ uc and H^{t) is the induced isomorphism. In particular, 
H^{C, Q^^) ^ 0. Therefore both H^{s) and H^{t) are non zero and surjective, so the same 
is true of their composition. □ 



^We thank R. Pandharipande for pointing out this statement, of which we give here our proof. 



22 



4.2 The canonical projection MPic(5) — > RSpec{Sjm{H^{S, Ks)[l])) 

In this subsection we identify canonically the derived Picard stack ]RPic(S') of a i^3-surface 
with Pic(5) X RSpec{Sym{H^{S,Ks)[l])), where Kg := is the canonical sheaf of S; 
this allows us to define the canonical map pr^^j. : MPic(5) — > MSpec(Sym(f/''^(S', i^'5)[l])) 

which is the last ingredient we will need to define the reduced derived stack MM^ (S; /3) 
of stable maps of genus g and class /? to 5" in the next subsection. 

In the proof of the next Proposition, we will need the following elementary result 
(which holds true for k replaced by any semisimple ring, or k replaced by a hereditary 
commutative ring and E hy a bounded above complex of free modules) 

Lemma 4.4 Let k be a field and E be a bounded above complex of k-vector spaces. Then 
there is a canonical map E E^q in the derived category D(A;), such that the obvious 
composition 

E<co — > E — > £'<o 

is the identity. 

Proof. Any splitting p of the map of A:-vector spaces 

ker((io : E_i Eq) ^ E^i 

yields a map p : E ^ E^q in the category Ch(A;) of complexes of /c-vector spaces. To 
see that different splittings p and q gives the same map in the derived category D(A:), we 
consider the canonical exact sequences of complexes 

^ E<o ^ E ^ ^>o ^ 

and apply Ext''(— , i?<o), to get an exact sequence 

ExtO(^>o, ^<o) ExtO(S, S<o) — ExtO(^<o, ^<o). 

Now, the the class of the difference {ji — q) in IIomj3(fc)(£', E^q) = Ext'^(-E, -E<o) is in the 
kernel of 6, so it is enoug h to show that Ext°(£;>o, £^<o) = 0. But E>q is a bounded 
above complex of projectives, therefore (e.g. [Weil Cor. 10.4.7]) Ext''(-E>o, -E<o) = is a 
quotient of Homch{fc)(-^>0) -E'<o) which obviously consists of the zero morphism alone. □ 

Proposition 4.5 Let G be a derived group stack locally of finite presentation over a field 
k, e : Spec/c G its identity section, and q := TgG. Then there is a canonical map in 
Ho(dStfe) 

7(G) : to(G) X MSpec(A) G 

where A := A;©(0^)<o is the commutative differential non-positively graded k-algebra which 
is the trivial square zero extension of k by the complex of k-vector spaces (0'^)<o- 

Proof. First observe that MSpec(yl) has a canonical A;-point xq : Spec A; — )• MSpec(^), 
corresponding to the canonical projection A ^ k. By definition of the derived cotangent 
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complex of a derived stack ( [HAG- III giving a map a such that 

MSpec(^) ^ G 




is equivalent to giving a morphism in the derived category of complex of A;- vector spaces 



<o- 



Since A; is a field, we may take as a' the canonical map provided by Lemma [331 and define 
7(G) as the composition 

to(G) X MSpec(A) G x MSpec(A) G x G G 
where ix is the product in G. □ 



Proposition 4.6 Let S be a K3 surface over k = C, and G := MPic(S') its derived 
Picard group stack. Then the map 7(G) defined in (the proof of) Proposition \4-5\ is an 
isomorphism 

75 := 7(MPic(5)) : Pic(5) x RSpec{Sym{H'^ {S , K s)[l])) '^Pic{S) 
in Ho(dStc), where Kg denotes the canonical bundle on S. 

Proof. Since G := MPic(S') is a derived group stack, 7(G) is an isomorphism if and only 
if it induces an isomorphism on truncations, and it is etale at e, i.e. the induced map 

T(to{e),xo)(7(G)) : T(t„(e),,o)(to(G) X RSpec(A)) T,(G) 

is an isomorphism in the derived category D(/c), where xq is the canonical canonical A;-point 
SpecC — )• MSpec(A), corresponding to the canonical projection A ^ C Since 'Kq{A) ~ C, 
to(7(G)) is an isomorphism of stacks. So we are left to showing that 7(G) induces an 
isomorphism between tangent spaces. Now, 

= Te(G) = Te(MPic(S)) ~ Mr(5, Os)[ll 

and, S being a K3-surface, we have 

~ Mr(s, OsM ^ H^is, OsM e n'^is, Os)[-i] 

so that 

{q'')^o H^{S,Osr[l] H\S,Ks)[l] 

(where we have used Serre duality in the last isomorphism). But H^{S, Ks) is free of 
dimension 1, so we have a canonical isomorphism 

C e (0^)<o ^ C e H\S,Ks)[l] ^ SymiH\S,Ks)[l]) 
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in the homotopy category of commutative simplicial C-algebras. Therefore 

T(to(e),.„)(Pic(5) X MSpec(^)) ~ g<o e0>o ~ H'>{S,Os)[1] e H\S,Os)[-1] 

and T(tjj(e),a;o)(7(^)) is obviously an isomorphism (given, in the notations of the proof of 
Prop. 14.51 by the sum of the dual of a' and the canonical map g<o — >• s)- D 

Using Prop. 14.61 we are now able to define the projection pr^jgj. of MPic(5) onto its 
full derived factor as the composite 

MPic(5) — Pic(5) X MSpec(Sym(F0(5,i^5)[l])) ^KSpec(Sym(i?0(5,K5)[l]))- 

Note that pr^j^j. yields on tangent spaces the canonical projectiorj^ 

Te(MPic(S;/3)) = ^ 0>o = T,,{RSpec{Sym{H^ {S, Ks)m) ~ H\S,Os)[-1], 
where xq is the canonical canonical /c-point SpecC — ?> Spec(Sym(//'^(5, and 

Q^H\S,Osm(BH\S,Os)[-l]. 

4.3 The reduced derived stack of stable maps ]RM^''^(S'; (3) 

In this subsection we define the reduced version of the derived stack of stable maps of type 
{g,f3) to S and describe the obstruction theory it induces on its truncation Mg(S';/3). 

Let us define 6i^^{S,f3) (respectively, 6^^'^'^'^ {S, f5)) as the composition (see Def. 13.71 
and Def. \JM 

RMg{S;(3)^ ^RMg{S)^^MFic{S)^^RSpeciSYm{H°{S,Ks)[l])) 

(resp. as the composition 

RMg^niS; MM3,„(5) ^^MPic(S) MSpec(Sym(i/0(5, Ks)[l\)) )■ 

Definition 4.7 • The reduced derived stack of stable maps of genus g and class (5 to 
S MM^ {S; f3) is defined by the following homotopy- cartesian square in dStc 

RM'g^S; /3) RMg{S; /3) 

<5f'-(5,/3) 

Spec C ^ MSpec(Sym(//0(5^ Kg) [1])) 

• The reduced derived stack of n-pointed stable maps of genus g and class f3 to S 
MM^ „(5; /3) is defined by the following homotopy- cartesian square in dStc 

RM^iiS; /3) MM5,„(5; /3) 

Spec C ^ RSpec(Sym(i/0 {S, Ks)[l] ) ) 

^Recall that, if M is a C-vector space, T^o(RSpec(Sym(M[l]))) ~ M''[-l]. 
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Since the truncation functor to commutes with homotopy fiber products and 
to(MSpec(Sym(F°(5,Ks)[l]))) - SpecC, 

we get 

i.e. MMg'^'^(S'; /3) is a derived extension (Def. II. ip of the usual stack of stable maps of type 
{g,f3) to S, different from MMg(5;/3). Similarly in the pointed case. 

We are now able to compute the obstruction theory induced, according to SJH by the 
closed immersion jVed '■ ^g{S; /3) MM^ (5; /3). We leave to the reader the straightfor- 
ward modifications for the pointed case. 

By applying Proposition 11.21 to the derived extension MM^*^*^(5; /3) of Mg(5; j3), we get 
an obstruction theory 



that we are now going to describe. 
Let 



p : MM''"^(5; /3) — > MM„(S; f3) 



9 

be the canonical map. Since MM^'^'^(5'; /3) is defined by the homotopy pullback diagram 
in Def. 14.71 we get an isomorphism in the derived category of MMg'^*^(S'; (3) 



P*i^RMg{S;l3)/RSpec{Sym{H('(S,Ks)m'> - \m;'=''(5;/3) " 
We will show below that RM^ (S'; /?) is quasi-smooth so that, by Corollarv 11.31 

is indeed a perfect obstruction theory on M.g{S;/3). Now, for any C-point SpecC — > 
MMg(S;/3), corresponding to a stable map (/ : C — ?> S*) of type {g,f3), we get a distin- 
guished triangle 

^RSpec(Sym{HO{S,Ks)ll])),xo > ^RM,{S;I3), {f:C^S) ^ ^RM;"''(5;/3), (/ :C^5) 

(where we have denoted by (/ : C — t- 5") also the induced C-point of MM^°'^(S'; /3): recall 
that a derived stack and its truncation have the same classical points, i.e. points with 
values in usual commutative C-algebras) in the derived category of complexes of C-vector 
spaces. By dualizing, we get that the tangent complex 

of MM^'^^(5; /3) at the C-point (/ : C ^ S") of type {g, sits into a distinguished triangle 
^\fc->s) -Mr(C,Cone(Tc ^ f*Ts)) ^RTiS,Os)[l] ^ H^{S,Os)[-l] , 
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where ©/is the composite 

6/ : Mr(C,Cone(Tc7 ^ /^T^)) ^ MHoms(M/,Oc, ^ IKr(5, 

and pr denotes the tangent map of pr^jg^, taken at the point 6i{S){f : C — 5). Note that 
the map pr obviously induces an isomorphism on H^. 



4.4 Quasi-smoothness of RM^ (5*; f3) and comparison with O-M-P-T re- 
duced obstruction theory. 

In the case /3 7^ is a curve class in H'^{S, Z), we will prove quasi-smoothness of the derived 
stack RMg {S;P), and compare the induced obstruction theory with that of Okounkov- 
Maulik-Pandharipande-Thomas (see ^4.1.1l or \M-P\ §2.2] and [PI]). 



Theorem 4.8 Let ^ ^ be a curve class in H'^{S,Z) ~ H2{S,Z), f : C ^ S a stable 
map of type {g,f3), and 

^^Itc^s) ■■= Tr(/:c^s)(IRM7'(S;/3)) ^RT{C, Cone{Tc ^ PTs)) ^ {S , O s)[-l] 

the corresponding distinguished triangle. Then, 

1. the rightmost arrow in the triangle above induces on a map 

H\Qf) : H\C, Cone{Tc ^ fTs)) H\S,Os) 

which is nonzero (hence surjective, since H^{S, Os) has dimension 1 over C ). There- 
fore the derived stack WWLg {S;I3) is everywhere quasi-smooth; 

2. H^{T^'p^^g^) (resp. H^(T^'p^^g.^)) coincides with the reduced deformation space 
(resp. the reduced obstruction space) of O-M-P-T. 

Proof. 

First Proof of quasi-smoothness - Let us prove quasi-smoothness first. It is clearly enough 
to prove that the composite 

H\C, f*Ts) H\C, Cone(Tc ^ f*Ts)) '''^''^^''K Extl{Rf,Oc,mOcf-^^ H\S, Os) 

is non zero (hence surjective). Recall that p : C ^ SpecC and q : S ^ SpecC denote the 
structural morphisms, so that p = q o f. Now, the map 

Rq.Ts RqMfJ*Ts 

induces a map H^{S,Ts) — )• H^{C, f*Ts), and by Proposition 13.51 and Remark 13. 8[ the 
following diagram commutes 

H\S,Ts) ^Ext|(M/,e)c,M/.Oc) • 

H\C, f*Ts) H\C, Cone(Tc ^ f*Ts)) 
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So, we are reduced to proving that the composition 

a : i/i (S, Ts) ^ Ext|(R/.Oc, ^fM — O5) 

does not vanish. But, since the first Chern class is the trace of the Atiyah class, this 
composition acts as follows (on maps in the derived category of 5) 

: O5 ^ Ts[l]) (a(0 -.Os^nlcS) Ts[2f-—^Os[2]) 

where 

ci := ci{Wf,Oc) ■■ Os ^ 

is the first Chern class of the perfect complex M/^.Oc'. What we have said so far, is true 
for any smooth complex projective scheme X in place of S. We now use the fact that S 
is a JCS-surface. Choose a non zero section a : Os ^'g of the canonical bundle, and 
denote by ipa- : 0.^ — T5 the induced isomorphism. A straightforward linear algebra 
computation shows then that the composition 

Os : (Ts A Ts ^ nm Os[2] 

coincides with a(^). But, since /? 7^ 0, we have that ci 7^ 0. a is nondegenerate, so this 
composition cannot vanish for all ^, and we conclude. 

Second Proof of quasi-smoothness - Let us give an alternative proof of quasi-smoothness. 
By Serre duality, passing to dual vector spaces and maps, we are left to proving that the 
composite 

H^{S, nl) Ext°^mHom(R LOn, R LOn). nj.) Ext°(M/*/*rs[-l], 

is non zero. So it is enough to prove that the map obtained by further composing to the 
left with the adjunction map 

ExtO(M/.rr5[-l],0|) Ext0(r5[-l],17|) 

is nonzero. But this new composition acts as follows 

H^{S,Ql) 3{cj:Os^ f^l) ^ ((Totr) ^ (fjotroat) = (ctoci(M/*Oc)) G Ext°(rs[-1], 

where at : r5[-l] RHom(M/*C'c, Rf*Oc) is the Atiyah class of M/^Oc (see Proposition 
13.61 and Remark l3.8p . Since /3 / 0, we have ci(M/*C'c) / 0, and we conclude. 

Proof of the comparison - Let us move now to the second point of Thm. 14.81 i.e. the 

comparison statement about deformations and obstructions spaces. First of all it is clear 
that, for any /3, 

therefore our deformation space is the same as 0-M-P-T's one. Let us then concentrate 
on obstruction spaces. 

We begin by noticing the following fact 
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Lemma 4.9 There is a canonical morphism in D(C) 

V ■ M^v^ujc ®^ H^{S, Os) ^q*Os[l] 
inducing an isomorphism on H^. 

Proof of Lemma. To ease notation we will simply write (8 for Recall that p : C ^ 
SpecC and g : 5 — )• SpecC denote the structural morphisms, so that p = qo f. Since S is 
a XS-surface, the canonical map 



is an isomorphism. Since preserves dualizing complexes, Ug ~ ^^[2] and ~ "^cil]) 
we have 

^ ^ f-{Os(^H^{s,nl))[i]. 

By applying Mp* and using the adjunction map M/*/' Id, we get a map 

Rp^uc^RqM^c^^q*^fj'\0s[i]m^{s,nl))^Rq40s[i]m^{s,nl))c^Rq^0s[i]m^^^ 

(the last isomorphism being given by projection formula). Tensoring this map by H^{S, 
~ H'^{S, Os) (a canonical isomorphism by Serre duality), and using the canonical evalua- 
tion map V (8> — ?• C for a C-vector space V, we get the desired canonical map 



u : Rp^uJc(^H^{S, Os) 



.Os[l]. 



The isomorphism on is obvious since the trace map K^p^uc — )• C is an isomorphism 
(C is geometrically connected). 

If a : Os — — ^ is a nonzero element in H^{S, i7|), and Lp^F '-Ts ~ ^\ the induced 
isomorphism, the previous Lemma gives us an induced map 

v{a) -.Rp^uJc — >Rq^Os[l], 

and an induced isomorphism 

H\iy{a)) =: : }i\C, ujc) H^S, Os). 



Using the same notations as in §4.1.11 to prove that our reduced obstruction space 

\iev{H\Qf) : H\C, Cone{Tc ^ fTs)) H\S,Os)) 

coincides with 0-M-P-T's one, it will be enough to show that the following diagram is 
commutative 



H^C,f*Ts) 



H\RT {C, Cone{Tc ^ TTs))) 

HHv) 



//i(Rr(C,Cone(Tc^rT5))) 



H\C,ujc) 



H\S,Os). 
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But this follows from the commutativity of 



J*Ts[-l] 

id 



MpJ*Ts[-l]—^MqMRgmsiRf.OcMOc) 
whose verification is left to the reader. 



j,nl.[-i]^—^Rp,ioc[-i] 

^Rq*Os 



tr 



□ 



Remark 4.10 Note that by Lemma 14.21 the second assertion of Theorem 14.81 implies the 
first one. Nonetheless, we have preferred to give an independent proof of the quasismooth- 
ness of RMg {S;/3) because we find it conceptually more relevant than the comparison 
with 0-M-P-T, meaning that quasi-smoothness alone would in any case imply the exis- 
tence of some perfect reduced obstruction theory on Mg(5; /?), regardless of its comparison 
with the one introduced and studied by 0-M-P-T. 

Moreover, we could only find in the literature a definition of 0-M-P-T global reduced 
obstruction theory (relative to M^"^^ with values in the r>_i-truncation of the cotangent 
complex of the stack of stable mapcl? that uses a result on the semiregularity map whose 
proof is not completely convincing ( [M-P^ 2.2, formula (14)]); on the other hand there is 
a clean and complete description of the corresponding pointwise tangent and obstruction 
spaces. Therefore, our comparison is necessarily limited to these spaces. And our con- 
struction might also be seen as establishing such a reduced global obstruction theory - in 
the usual sense, i.e. with values in the full cotangent complex, and completely independent 
from any result on semiregularity maps. 



Theorem 14.81 shows that the distinguished triangle 

T^ltc^S) ■■= ir(/:C^5)(KM;^^5;/3)) Mr(C,Cone(Tc ^ fTs)) H\S,Os)[-1] 
induces isomorphisms 

H\^fc-.S)) ^ H\C, Cone(Tc ^ rTs)), 
for any i ^ 1, while in degree 1, it yields a short exact sequence 

^ /7i(T^}^_5)) HHC Cone(Tc ^ FTs)) HHS, Os) ^ 0. 

So, the tangent complexes of MMg°'^(S'; /3) and MMg(S'; (3) (hence our induced reduced and 
the standard obstruction theories) only differ at the level of where the former is the 
kernel of a 1-dimensional quotient of the latter: this is indeed the distinguished feature of 
a reduced obstruction theory. 

The pointed case - In the pointed case, a completely analogous proof as that of Theorem 
IMl(l), yields 

^The reason being that the authors use factorization through the cone, and therefore the resuhing 
obstruction theory is only well-defined, without further arguments, if one considers it as having values in 
such a truncation. 
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Theorem 4.11 Let (3 ^ be a curve class in H'^{S,'L) ~ H2{S,'L). The derived stack 
MM^_„(5';/3) of n-pointed stable maps of type {g,/3) is everywhere quasi-smooth, and there- 
fore the canonical map 

is a [—1,0] perfect obstruction theory on Mg^„(X; /3). 

5 Moduli of perfect complexes 

In this Section we will define and study derived versions of various stacks of perfect com- 
plexes on a smooth projective variety X. If X is a iTS-surface, by using the determinant 
map and the structure of ]RPic(X), we deduce that the derived stack of simple perfect 
complexes on X is smooth. This result was proved with different methods by Inaba in 

When X is a Calabi-Yau 3-fold we prove that the derived stack of simple perfect com- 
plexes (with fixed determinant) is quasi-smooth, and then use an elaboration of the map 
aP : MMg,„(X) — > MPerf (X) to compare the obstruction theories induced on the trun- 
cation stacks. This might be seen as a derived geometry approach to a baby, open version 
of the Gromov-Witten/Donaldson-Thomas comparison. 

Definition 5.1 Let X be a smooth complex projective variety, L a line bundle on X, and 
xc : SpecC — )• MPic(X) the corresponding point. 

• The derived stack ]RPerf(X)£ of perfect complexes on X with fixed determinant C 
is defined by the following homotopy cartesian diagram in dStc 

MPerf (X)£ ^ MPerf (X) 

dct 

Spec C MPic(X) 

We will write MPerf(X)o forMFerf{X)Q^, the derived stack of perfect complexes 
on X with trivial determinant. 

• // Perf(X)-^ denotes the open substack of Perf(X) consisting of perfect com- 
plexes F on X such that Ext'(F,F) = for i < 0, we define RPerf(X)^° : = 
'ARPerf(x) (Psrf (as a derived open substack o/MPerf(X), see Prop. \2.1\) . 

• // Perf (X)^*'^'^ denotes the open substack of Perf(X) consisting of perfect com- 
plexes F on X for which Ext*(F, F) = Q for i < 0, and the trace map Ext'^(i<', F) — > 
H^{X,Ox) ^Cisan isomorphism, we define RPer{{Xy'^>^ := 0KPerf(X)(Perf (X)***' 
(as a derived open substack o/MPerf(X), see Prop. \2.1\) . 

• The derived stack RPerf(X)^'^ is defined by the following homotopy cartesian dia- 
gram in dStc 

MPerf(X)|° *-MPerf(X)^o . 

det 

Spec C ^ RPic(X) 
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As above, we will write RPerf(X)^° /or MPerf(X)|^ . 

The derived stack A4x = MPerf (X)^'^'' is defined by the following homotopy carte- 
sian diagram in dStc 

MPerf(X)2'^° ^MPerf(X)**'>o . 

det 

Spec C — ^ MPic(X) 

We will write MPerf for MPerf 

Proposition 5.2 Let E be a perfect complex on X with determinant C , andxE ■ SpecC — ?> 
]RPerf(X)£ the corresponding point. The tangent complex ofWPeri{X)c atXE is MEnd(S)o[l], 
the shifted traceless derived endomorphisms complex of E ( |Hu-Lel Def. 10.1.4]) (so that 
H'{REnd{E)o) = ker(tr : Ext' {E,E) H\X,Ox)), for any i). 

Proof. Let T denote the tangent complex of MPerf(X)£ at xe- By definition of 
MPerf(X)£, we have an exact triangle in the derived category D{C) of C-vector spaces 

T ^MEnd(S)[l] ^^Mr(X,Ox)[l] • 

By using the canonical map MT{X,Ox) MEnd(£') we can split this triangle, and we 
conclude. □ 



Remark 5.3 Since MPerf and MPerf are derived open substacks of RPerf 

Proposition 15.21 holds for their tangent complexes too. 

5.1 On K3 surfaces 

By using the derived determinant map and the derived stack of perfect complexes, we are 
able to give another proof of a result by Inaba ([Inl Thm. 3.2]) that generalizes an earlier 
work by Mukai ( [Mu| ). For simplicity, we prove this result for K3 surfaces, the result for 
a general Calabi-Yau surface being similar. 

Let S be a a smooth projective K3 surface, and let MPerf (S')'^^'^'' (Def. 15. ip be the 
open derived substack of MPerf(S') consisting of perfect complexes F on S for which 
Ext'5.(F,F) = for i < 0, and the trace map Ext^(F,F) H°{S,Os) ~ C is an iso- 
morphism. The truncation Perf (S')''^'^^ of MPerf (S)'^''^'^ is a stack whose coarse moduli 
space Perf(5')*^''>° is exactly the moduli space Inaba calls Splcpx^^y^. in (Inl §3]. 

Coming back to Section right after Prop. 14. 6| we consider the projection pr^^j. of 
MPic(S') onto its full derived factor 

RPiciS)-^RSpec{Sym{H^{S,Ks)[l])). 
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Definition 5.4 The reduced derived stack MFeri{S)'^''''^'^'^ of simple perfect complexes on 
S is defined by the following homotopy pullback diagram 



MPerf(5') 



si, red 



Spec( 



XO 



MPerf(5')''''>° 

dets 

MPic(5) 

Prder 

iSpeciSymiH^iS, Ks)m 



Since the truncation functor commutes with homotopy pullbacks, the truncation of 
MPerf(5)''''^<^ is the same as the truncation of MPerf (S)'^'>°, i.e. Perf (S)"^'>°, therefore 
its coarse moduH space is again Inaba's Splcpx^yj. ([Inl §3]). 

Theorem 5.5 The composite map 



&Perf(S) 



si,>0 



dets 



Pic(5) MSpec(Sym(i?0(5, i^s) [1])) 



is smooth. Therefore the derived stack MPerf (5)^*''''^'^ is actually a smooth, usual (i.e. 
underived) stack, and 



MPerf(S') 



si, red 



to(MPerf(5) 



si,red\ 



~ Perf (5) 



si,>0 



Under these identifications, the canonical map MPerf (S)'**'''*^'^ — )• MPerf (S')**''*'^ becomes 
isomorphic to the inclusion of the truncation Perf (S')''*''*'' — )• MPerf (5)^*'^''. 

Proof. Let ii^ be a perfect complex on S such that 'Extg{E, E) = for i < 0, and the 
trace map Ext5.(-E, E) — )• H^{S, Os) ~ C is an isomorphism. The homotopy fiber product 
defining MPerf (S')'^''^'^'^ yields a distinguished triangle of tangent complexes 



Ti5MPerf(5) 



si, red 



■TijMPerf(5) 



si,>0 



-11 . 



Since 



TBRPerf(5)'''>" ~ MEnd5(^)[l], 



this complex is cohomologically concentrated in degrees [—1,1]. Therefore, to prove the 
theorem, it is enough to show that the map (induced by the above triangle on H^) 

a : Extl{E,E) ~ F^TsMPerf (5)'^^'>°) H^{S,Ks)'^ 

is an isomorphism. If we denote by 

a' : ExtK^;, E) H'^iS, ^ H^S, Os) 
(the isomorphism s given by Serre duality), the following diagram 

Ext|(^, E) Ext^(£;, Ey 

rv' trt 



HHS,Os) 
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(where again, the s isomorphisms are given by Serre duaUty on S) is commutative. But, 
by hypothesis, tr^; is an isomorphism and we conclude. 

□ 

The fohowing corollary was first proved by Inaba [In, Thm. 3.2]. 

Corollary 5.6 The coarse moduli space Perf (5")^*'^" of simple perfect complexes on a 
smooth projective K3 surface S is a smooth algebraic space. 

Proof. The stack MPerf (5)"^'"^'^ ~ Perf (S')"''>° is a Gm-gerbe so its smoothness is equiv- 
alent to the smoothness of its coarse moduli space. □ 

Remark 5.7 Inaba shows in [Lo^ Thm. 3.3 ] (again generalizing earlier results by Mukai 
in [Muj ) that the coarse moduli space Perf(S')'^''^'^ also carries a canonical symplectic 
structure. In |P-T-V-V] it is shown that in fact the whole derived stack MPerf(5') carries 
a natural derived symplectic structure of degree 0, and that this induces on Perf(S')'^''^'^ 
the symplectic structure defined by Inaba. 

Remark 5.8 The same argument used in proving Theorem 15.51 works by replacing S 
by the de Rham moduli space Mdr(C), the Dolbeault moduli space Mdoi(C'), for C 
a complex smooth projective curve, or by the Betti moduli space Mb(5') represent- 
ing the homotopy type of an oriented compact topological surface S (see [Sij, for the 
definitions of these moduli spaces). This yields smoothness of Perf (X)'^^''*'^ for X = 
Mdr(C),Mdoi(C),Mb(5). 

5.2 On Calabi-Yau threefolds 

In this section, for X an arbitrary complex smooth projective variety, we first elaborate 
on the map 

: RMg^niX) — > MPerf(X) 

from Def. 13. 9i This elaboration will give us a map from a derived substack of 

RMg^niX) to the derived stack MPerf (X)^'>°, C being a hue bundle on X (see Def. [5T]) . 
When we specialize to the case where X is a projective smooth Calabi-Yau 3-fold Y, we 
prove that RPerf(y)£'^^ is quasi-smooth (Proposition 15 . 1 ll) . and that the map Cy^ allows 
us to compare the induced obstruction theories on the truncations of its source and target. 

To begin with, let X be a smooth complex projective variety. First of all, observe that 
taking tensor products of complexes induces an action of the derived group stack MPic(X) 
on MPerf (X) 

/X : MPic(X) X MPerf(X) — > MPerf(X). 
Let xc '. SpecC — )• MPic(X) be the point corresponding to a line bundle C on X. 

Definition 5.9 Let ac ■ MPic(X) WPic{X) be the composite 

( inv X V 

MPic(X) — ^ MPic(X) X MPic(X) — -^RPic(X) 

where x (resp. invj denotes the product (resp. the inverse) map in RPic(X) (shortly, 
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• Define c • '^^g,n{X) MPerf(X)£ via the composite 

(detoA<"\A<;"') arXid a 

mAg^n{X) — ^MPic(X) X MPerf (X) RPic(X) x MPerf (X) — ^ MPerf (X) 

(shortly, PSx]ci^) = E® (det E)-^ ® C ). 

• Define the derived open substackRMg^n{Xy"^^ ^ RMg^ri{X) as 4>^^^ ^(^)(M3,„(X)^™*) 
(see Prop. \2.1\) where Mg^„(X)^™''' is the open substack of Mg^„(X) consisting of 
pointed stable maps which are closed immersions. 

• Define cj,^ : MMg,„(X)^'"'' ^ MPerf(X)2'^° via the composite 

a'"' 

RMg^niXY""^^ ^ RMg^niX) MPerf 

(note that this composite indeed factors through MPerf (X)^'^'^, since 

tr : Ext°(M/*Oc,IK/*Oc;) - C, 
if the pointed stable map f is a closed immersion) . 

(n) 

Remark 5.10 The map C)^ ^ is also defined on the a priori larger open derived substack 
consisting (in the sense of Prop. 12. ip of pointed stable maps / such that the trace map 
tr : Ext°(M/,Oc,M/^C'c) ^ H^{X, Ox) ~ C is an isomorphism. 

(n) 

We would like to use the map Gx^ to induce a comparison map between the induced 

obstruction theories on the truncations of MMg^„(X)'^™''' and of RPerf (X)^'^*^. 
This is possible when we take X to be a Calabi-Yau 3- fold Y. In fact: 



Theorem 5.11 If Y is a smooth complex projective Calabi-Yau 3-fold, then the derived 
stack MPeri (Yy^'^^ is quasi-smooth. Therefore, the closed immersion j : Perf(y)£'^'' 
MPerf (y)^'^'^ induces a [—1,0] -perfect obstruction theory j*T^p^^^^yyi,>o '^perf(y)'''>° ' 

Proof. This is a corollary of Proposition 15.21 Let T^; be the tangent complex of 
MPerf (y)^^'^ at a point corresponding to the perfect complex E. Now Y is Calabi- 
Yau of dimension 3, so = Ky ~ Oy; but E is simple (i.e. the trace map Ext°(F,F) ^ 
H^{X,Ox) ~ C is an isomorphism), so Serre duality implies Ext*(-E,-E)o = for i > 3 
(and all i < 0). Therefore the perfect complex T^; is concentrated in degrees [0, 1], and 
MPerf (y)^^'^ is quasi-smooth. The second assertion follows immediately from Prop. 11.21 
□ 



Remark 5.12 Note that the stack Perf(y)£' is not proper over SpecC. However it 
receives maps from both Thomas moduli space IniY] of ideal sheaves (whose subschemes 
have Euler characteristic n and fundamental class f3 € H2{Y,Z,)) - see |Th] - and from 
Pandharipande-Thomas moduli space PniY; /3) of stable pairs - see [P-T] . For example, the 
map from P„(y; /3) sends a pair to the pair itself, considered as a complex on Y. Moreover, 
at the points in the image of such maps, the tangent and obstruction spaces of these spaces 
are the same as those induced from the cotangent complex of our MPerf (y)^'>° (see e.g. 

[EH §2.1]). 
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As showed in gOl the map cJ^J, : MMg,„(y)^'"^ — > MPerf(y)^'>° induces a compar- 
ison map between the two obstruction theories. More precisely, the commutative diagram 
in dStc 

Mg^niYY"''' ^ Perf (y)^'>° 



Jaw 



Jdt 



RMg^niYT""^ — ^ MPerf (y)'j'>° 



p(n) 



(where each j is the closed immersion of the truncation of a derived stack into the full 
derived stack), induces a morphism of triangles 

(toC^)*j|)yLjgp^^j^y^si,>o ^ (toCy^];)*Lp^j.j.(y)si,>o ^ i^oCY^cy'^RPer{{Y)f>°/Per{{Y)f - 



jhw^KMg^niY)''"^'' ^^Mg^niYY'^'' *- ^RM9,„(y)='"VMg,„(y)'='"'' 

- in the derived category of perfect complexes on Mg^„(y)'^'"'' - i.e. a morphism relating the 
two obstruction theories induced on the truncations stacks WLg^nO^Y"^^ and Perf (X)^''*'^. 
Note that, for the object in the upper left corner of the above diagram, we have a natural 
isomorphism 



Remark 5.13 The motivation for constructing the above comparison morphism between 
the induced obstruction theories comes from the so called GW/DT comparison. The con- 
jectural comparison between Gromov-Witten and Donaldson-Thomas or Pandharipande- 
Thomas invariants for a general Calabi-Yau 3-fold Y (stated in |M-N-0-P] . and proved in 
special cases, e.g. |B-Bj and |M-0-0-P] ) might be in principle approached by producing a 
map from the stack of pointed stable maps to Y to Thomas moduli space of ideal sheaves 
( [Thj ) or to the Pandharipande-Thomas stack of stable pairs on Y ( [P-Tj ). together with 
an induced map relating the corresponding obstruction theories. It is worth remarking 
that simply producing a map between these moduli spaces is not enough to relate the 
standard obstruction theories (the ones yielding the GW and DT or PT invariants, re- 
spectively): the notion of obstruction theory is not canonically attached to a stack, and 
therefore has not enough functoriality. This problem is completely solved in when the ob- 
struction theories come from derived extensions, as explained in 511 Therefore, one could 
hope to produce instead a map from the derived stack of pointed stable maps to y to a 
derived extension of the moduli space of ideal sheaves on Y or of the stack of stable pairs 
on y. We are not able to do this, at present. What we did above was to produce a map 
of derived stacks from the derived open substack RMg,„(y)^'"'' of RMg^n{Y) consisting 
of stable maps which are closed immersions, to the derived stack MPerf (y)^'^^ of simple 
perfect complexes with no negative Ext's and fixed determinant C (for any C). As shown 
above, such a map automatically induces a morphism between the corresponding obstruc- 
tion theories, with no need of further data, and one might think of this as a baby, open 
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version of the GW/DT comparison. 

In the presence of suitable compactifications RM of MMg^„(y)^'"'' and WP of MPerf 
(or better of some derived substacks thereof, cut out by suitable cohomological or K- 
theoretic numerical conditions), to which the map Cy], extends as a quasi-smooth map 
F : MTV MP, the corresponding morphism between obstruction theories would give a 
canonical way of comparing the induced virtual fundamental classes, and therefore, the 
two counting invariants. More precisely, if / denotes the truncation of the morphism F, 
we would get ( \Sch\ Thm. 7.4] or Prop. II. 5p 

where : yl*('P) ^*(7V) denotes the virtual puUback between Chow groups, as defined 
in [Man] . 

Of course the real technical heart of the GW/DT comparison lies exactly in the fine analysis 
of what happens at the boundary of the compactifications of the two stacks involved (in 
the above picture, the existence of an extension F : MA/" — )• MV), and for this our methods 
from derived algebraic geometry does not supply, at the moment, any new tool or direction. 

Remark 5.14 The group Autperf(X) of self-equivalences of the derived category Dpei.f(^) 
of perfect complexes on X, acts on the derived stack MPerf(X). This action preserves, 
in an obvious sense, the induced obstruction theory on the stack Perf(X). It would be 
interesting to study how this action affects Bridgeland stability conditions on Dperf(^), 
and use it to draw consequences on the comparison of various counting invariants (e.g. 
Donaldson-Thomas and Pandharipande-Thomas ones). This will be the object of a future 
paper. 

A Derived stack of perfect complexes and Atiyah classes 

We explain here the relationship between the tangent maps associated to morphisms to 
the stack of perfect complexes and Atiyah classes (of perfect complexes) used in the main 
text (see ^3.2p . As in the main text, we work over C, even if most of what we say below 
holds true over any field of characteristic zero. As usual, all tensor products and fiber 
products will be implicitly derived. 

If 3^ is a derived geometric stack having a perfect cotangent complex ( [HAG-Ill §1-4]), 
and E is a perfect complex on 3^, then we will implicitly identify the Atiyah class map of 
E 

atE ■■ E — >hy®E[l] 

with the corresponding map 

Ty^E''^ E[l] 

via the bijection 

[Ty, E"^ <g) E[l]] ~ [Ty ® E, E[l]] ~ [E, hy ® E[l]] 

given by the adjunction ((8),MHom), and perfectness of E and (where [— ,— ] denotes 
the Horn set in the derived category of perfect complexes on 3^). 
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We start with a quite general situation. Let 3^ be a derived geometric stack having a 
perfect cotangent complex, and Perf the stack of perfect complexes (viewed as a derived 
stack). Then, giving a map of derived stacks (I)e '■ y Perf is the same thing as giving 
a perfect complex E on y, and 



• (/-eTperf =^MEndy(^)[l] 



• the tangent map to cpE 

T<j)E-Ty ^ 0sTperf ^ MEndy(E)\l] ~ ® E[l] 

is the Atiyah class map at^; of E. 

Remark A.l The second point above might be considered as a definition when 3^ is a 
derived stack, and it coincides with Illusie's definition ([llll Ch. 4, 2.3.7]) when y = Y 
is a quasi-projective scheme. In fact, in this case, the map factors through the stack 
Perf^*"'^* of strict perfect complexes; thus the proof reduces immediately to the case where 
S is a vector bundle on Y, which is straightforward. 

The above description applies in particular to a map of derived stacks of the form 

-.y := X X — > Perf 

where X is a smooth projective scheme, X is a derived geometric stack having a perfect 
cotangent complex, and ii^ is a perfect complex on X x X : in the main text we are 
interested in X = WWlg{X). Such a map corresponds, by adjunction to a map 

^E- — > MHOM(X,Perf) =: MPerf(X). 

The tangent map of ^e fits into the following commutative diagram 

— ^^?TKPerf(x) MprxAE"" ® E)[l] 

where can denote obvious canonical maps, and we can identify E.prx,*{T^E) with Wprx^*{atE), 
in the sense explained above. In other words, T^'^; is described in terms of the relative 
Atiyah class map 

of E relative to X, as the composition 

T^E : T;^^^Mpr;^,.pr*,Tx^^^pr;^,*T;^^x/x ^^^^''^"'^/^^ . RprxAE"" ® E)[l]. 



Remark A. 2 T'l'^; might be viewed at as a generalization of what is sometimes called 
the Kodaira-Spencer map associated to the <Y-family E of perfect complexes over X (e.g. 
|Ku-Mal formula (14)]). 
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In the main text, we are interested in the case X = WM.g{X), pr := pr^^, and E perfect 
of the form MTT^f", where 

TT : RCg-x — > RMg{X) x X 

is the universal map and f is a complex on MCg-x, namely £ = O^Cg-x- such cases, 
if we call {f : C X) the stable map corresponding to the complex point x, we have a 
ladder of homotopy cartesian diagrams 

C ^^Cg,X 

f 

X ^ MM<;(X) X X X 

pr 



TT 



Spec C ^ RMg {X) ^ Spec C 

and the base-change isomorphism (true in derived algebraic geometry with no need of 
flatness) gives us 

x*E = x*Rtt^£ ~ RU}£. 

For £ = OM.Cg.x^ then get 

x*E = x*RTr,ORCg,x - ^f*Oc- 

Again by base-change formula, we get x*Mpr^ ~ M(7^,x*, and therefore the tangent map to 
Ax := ^Rtt^Orc at x = (/ : C ^ X), is the composition 

T^Ax : T^RMgiX) ~ Mr(C,Cone(Tc ^ fTx)) IKr(X, x*Tjjm,(x)xx) 

^(^'^*^^^) , REndxm.Ocm ^ TRf,Oc^Per{{X) 



The following is the third assert in Proposition 13.61 ^3.2[ 
Proposition A. 3 The composition 

RriX,Tx) ^^Rr{X,RfJ*Tx) ^^Rr{X,Cone{Rf^Tc ^ RfJ*Tx)) ^ T^RMg{X) 

T^Ax 



■ X 



*A3^TMPerf(X) ~ TK/.o^MPerf (X) ~ REndx(M/,C'c)[l] 



coincides with RT{X, at^f^o^). 

Proof. We first observe that if J- is perfect complex on X, and MAut(X) is the derived 
stack of automorphisms of X, there are obvious maps of derived stacks 

: MAut(X) MHOMdstc('^,^) 
ajr : MAut(X) — > MPerf(X) 
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induced by the natural action of MAut(X) by composition on maps and by pullbacks 
on perfect complexes, respectively. Moreover, the tangent map to crjr at the identity 
SpecC-point of MAut(X) 

TidxO-j- : RT{X,Tx) ^ TidxMAut(X) — > T^MPerf(X) ~ REndx(7')[l] 

is Mr(X, atjr), where atj^ is the Atiyah class map of J-. Then we observe that, by taking 
:= x*M7r*0]RCg. X " which is, by base-change formula, isomorphic to M/*Oc - we get that 
the composition 

: MAut(X) MHOMdstc(<^, X) MMp(X) MPerf (X) 

coincides with crjr. But the map in the statement of the proposition is just T^^i^^kx, and 
we conclude. 

□ 
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